Online Gradient Based
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Special Topics Outline

What more can you do with Gradient Descent, especially in Al/ML?
Three main topics:

« Online Gradient Descent (Today)

 Distributed Gradient Descent (May 4th)

« Communication-Efficient Gradient Descent (May 11th)

Cornerstone of modern machine learning (incl. deep learning, LLMs).

Lecture slides, assignment and reading materials will be posted to the course web
page (Unit 7).

Main reference material for today is Elad Hazan’s book on Online Convex Optimization.



https://ai-505.github.io/
https://ai-505.github.io/
https://arxiv.org/pdf/1909.05207
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Motivation

Take decisions now without
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the knowledge of the future!
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Online Optimization

Online = We (player/agent) take decisions iteratively and obtain a loss or a
gradient at each step, without knowing what is coming ahead!

How do we “optimize” if we do not know what to optimize?
Who decides the losses?

Particularly, we will only be concerned with Online convex optimization
(OCO).

When can we say something meaningful about what the player can do in
such a setting?



Quick Recap



Convex Sets

e H @ °

X

Aset 2 C R%is convex if and only if forall x,y € 2, we have: Ax + (1 — 1)y € I, forall A € [0,1]




Convex Functions

.+~ Tangent line
'/




First-Order Conditions

" Tangent line

—0.5

A differentiable function 4 : & — R is convex, if and only if 4(x) > h(y) + Vh(y)'(x — y), forallx,y € X .



Smoothness and Strong Convexity

A differentiable function 1 : & - R
Is a-strongly convex,
if thereis an a > 0, such that:

h(x) > h(y) + VA (x — ) +%nx—yu§,

forallx,y e X .

A differentiable function 7 : & —- R

is f-smooth
if there is an f# > 0, such that:

p
h(x) < h(y) + V() (x —y) + EHX -5,
forallx,y € X .

value

Quadratic Bounds from Smoothness and Strong Convexity

— 1 X)
l 2

y \ 4 B oy X ¢ LY
~ Lower bound: A{x;) + <Vh(xy),x — x> + (5)|]x — x,

— = = Upper bound: A(xy)+ <Vh(xy).x — x> + (%} X — -l"c-||2

upper quadratic bound

[f-smoothness =

" ce-strong convexity =
lower quadratic bound




Convex but Not Strongly Convex

Other Convex Functions

Nonsmooth Convex Function

y

A h%
A
/ 4 d
—_ h(x)=x" |
h(x)=|x]|
Convex, smooth,
but not strongly convex
[ nonsmooth at x =0 ]
* > X =
-2 -1.5 -1 —0.5 0 0.5 1 1.5 2

minimum [ Convex but not differentiable at the origin ]




Second-Order Conditions

A twice differentiable function 1 : X — R is a-strongly convey, if thereisan a > 0,
such that: V2h(x) > al , forallx € X .

A twice differentiable function 4 : & — R is /-smooth, if thereisan > 0,
such that: V2h(x) < fI,forallx € X .



Key Facts about Optimality

Convex functions over a compact (closed and bounded) domain always
admit a global minimizer (may not be unique).

All local minima are global minima!

Strongly convex functions have a unigue global minima.

We will only consider the case when X is compact (e.g., polytopes,
simplex, (closed) boxes etc.).



Optimality Conditions

A point x* € 2, is optimal for % if and only if: VA(x*)'(y — x*) > Oforally € X .

Why?



Gradient Descent

Initialize with X,
Fort=0to7 — 1 do,

X1 =X, — 1, Vh(x,) // |

Return X = argmin _,; 1)}

Figure 2.3: Iterates of the GD algorithm




Convergence Rates of GD

General Strongly Smooth W.e.II-
convex conditioned
1 1 a
GD I E eXp ( ——T)
ﬁ al T p

GD converges to a minimizer, i.e., h(x;) — h(x*) < O(r(T)), under an appropriate choice

of the sequence of step-sizes {7, }.




Projected Gradient Descent

= S S S I

s - _J.‘+'
| L —
. T » \
= e < SN AN
S =
| “T*
— o Ny
SIS
: P— “\ y
B N =
‘ N Z.Y: .
: X 23
¥ | N
—
~

f
‘ -
—— E
—~— [
El
O
" < l|
> “
=
=
=
‘s
~ I
=
=

\

Initialize with xy € &

]
Fort=0to 7T — 1 do,

e

Vie1 = X, — 1,V h(x,)
Xy 1 = Hj[(yt+1)

Return X = argmin _,; 1)}
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PGD converges to a minimizer, i.e., h(x;) — h(x*) < O(r(T)), with effectively
the same rates (wrt dependence on 7) and appropriate selection of {7,}.



Online Convex Optimization



Setup

The game proceeds inroundst = 0,1,..., T.

At each iteration ¢, Player plays x, € & and gets h,(x,) as feedback or loss.

Player does not know future losses!

We will assume that {4, } are a sequence of loss functions that are in some

convex fixed function class (e.g., f-smooth, a-strongly convex etc.).

But what is the right “optimizer” for the online setting?



Regret Minimization

Z h(x)
b=t A
Total loss of the best
fixed point (in hindsight)

» R(T)
Player’s goal is to use {x,},_, such that: lim = 0
I'— o0

Regrel R(T) = Z h(x) — min

(=0 ,

No-regret Algorithm: Update rules for x, that satisfy R(7") = o(T).



Online Gradient Descent
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Fort=0to 7T — 1 do,

Vie1 = X — 1, Vh(x)
X1 = g (V)

Return X

OGD satisfies R = o(T'), with appropriate selection
of {7,} and assuming uniformly bounded norm of gradients.



Regret of OGD

General Strongly convex Smooth

1 log T 1

Average Regret




SVM in Machine Learning

2 Support - ‘\

vector €




Support Vector Machines - Online Version

Support P

vector O =

~




Hinge Loss

Figure 2.4: The hinge loss function versus the 0/1 loss function




Mapping to Online Learning

The game proceeds inroundst = 0,1,..., T.

At each iteration t, Player playsw, € & := {w : ||w||, £ B} and gets
h(w,) := h(w,; (x,,y,)) as feedback or loss.

We will also assume ||x,||, < G, forallt =0,1,..., T — 1.

Player does not know future losses!

The above sequence of loss functions are convex! But are they strongly
convex or smooth?



Recall Online Gradient Descent

Initialize with xy € &
Fort=0to7 — 1 do,

Vie1 = X — 1, Vh(x)
X1 = g (V)

Return X
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OGD satisfies R = o(T'), with appropriate selection
of {7,} and assuming uniformly bounded norm of gradients.



Online Gradient Descent for SVM

Under the stated assumptions, running OGD with step-size 7, = 11 = B/(Gﬁ) for the

online SVM problem produces a sequence of {w, tT—_O such that:

Z h(w,) — min 2 h(w) < BGﬁ

wed

Why?



Can we do better for SVM?

loss
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SVM in Machine Learning

i Support .

vector #




Stochastic Gradient Descent via OGD

If the (noisy) gradient at every step is unbiased and the variance of the norm of the gradient is bounded,
then running OGD with these gradients and 7 = B/(Gﬁ) Ieads to:

[ (wp)] < mm hp(w) + 3GB/ (Zﬁ ), where w, = E W, .
e
=0

See Theorem 3.4 in Hazan'’s book for the proof.


https://arxiv.org/pdf/1909.05207

Summary

Online learning is a powerful framework for optimization against the
unknown.

We saw OGD and the guarantees for online convex optimization.

We looked at an online SVM example and why OGD is pretty much the
best you can do.

We saw that SGD can be seen as a special case of OGD. But in the
upcoming classes we will treat it a separate algorithm.

Next class: Distributed learning



